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Abstract 

We describe a type of Lie color algebra, which we call generic, whose 
universal enveloping algebra is a domain with finite global dimension. 
Moreover, it is an iterated Ore extension. We provide an application and 
show Grobner basis methods can be used to study universal enveloping 
algebras of factors of generic Lie color algebras. 



1 Introduction 

Throughout k denotes a field of characteristic different from 2. Iterated Ore 
extensions play an important role in this work. All of the Ore extensions we 
introduce are of the form A [8; a, 8] where A is a /c-algebra, a is an automorphism, 
and 8 is a er-derivation. In this case if A is Noetherian, a domain, or has finite 
right global dimension, then A [9; a, 8] has that corresponding property as well. 
These facts are well known (see ^] Theorem 1.2.9 and Theorem VII. 5. 3 ]) and 
will be invoked as needed without further comment. 

We follow the notation on Lie color algebras in |131 Sections 1, 2, and 6]. 
Let k x = k\ {0} denote the group of units of k. 

Definition 1.1 Let G be an abelian group. A map e : G x G — > k x is called 
a skew-symmetric bicharacter on G if it satisfies (1) and (2) below, for any 
f,g,he G. 

1. e(f, g + h)= e(f, g)e(f, h) and e(g + h, f) = e(g, f)e(h, f) 

2. e(g,h)e(h,g) = 1 

All gradings are with respect to an additively written abelian group. We 
denote the degree of a nonzero homogeneous element x by dx. We want to 
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avoid statements like "<9x = g or x = 0" so we often write dx — g to handle 
both cases. If x and y are homogeneous and e is a skew-symmetric bicharacter, 
then we shorten our notation by writing e (x, y) instead of e (9a;, 

Definition 1.2 A (G, e)-Lie color algebra is a G— graded vector space C equipped 
with a graded bilinear map (, ) : C x C — > £, called the bracket o/£, which sat- 
isfies the following for any homogeneous i,i/,z£ £. 

(x,y) = —s(x,y){y,x) e- skew- symmetry 

e(z, x)(x, (y, z)) + e(y, z)(z, (x, y)) + e(x, y)(y, (2, x}} = e-Jacobi identity 

A skew-symmetric bicharacter e satisfies e(g,g) = ±1 for each g E G. Note 
that G + = {g £ G : e(g,g) — 1} is a subgroup such that [G : G + ] < 2. Set 
G_ = {g G G : s(g,g) = —1} = G\G + . For any G-graded vector space V we 
set V± = (S g£G± V g . 

We may view Lie superalgebras and graded Lie algebras, which are graded 
over Z2 and Z, respectively, as special types of Lie color algebras. The 'absolutely 
torsion free' condition was introduced by R. B0gvad to find graded Lie algebras 
with finite global dimension (see Theorem 1]). It is well-known that the 
universal enveloping algebra of a finite dimensional Lie superalgebra may have 
infinite global dimension (see Proposition 5]). M. Aubry and J.-M. Lemaire 
have shown that the universal enveloping algebra of an absolutely torsion free 
graded Lie algebra (or Lie superalgebra) is a domain (see U). 

Now consider a finite dimensional Lie color algebra (£, (,}). Its universal 
enveloping algebra U (£) need not even be semiprime (see ^3 Example 2.9]). 
Conditions for U (C) to be semiprime or prime are provided in [131 Thoerem 
2.5], which extends the analogous result, @J Theorem 1.5], for Lie superalgebras. 
When U (C) has finite global dimension, then it must equal dim C+ by |121 
Theorem 3.1], which extends the analogous result, Proposition 2.3], for Lie 
superalgebras. 

We do not know how to extend Aubry and Lemaire's or B0gvad's theorems 
to Lie color algebras (see and [5]). However we believe it may be achieved 
through the use of generic Lie color algebras, which are defined in section [3 

We handle the case with dim£_ < 2 in section [3] In this case Theorem 
13.51 provides conditions for U (C) to be a domain with finite global dimension. 
Example 13.21 shows this is possible even when there exists x G £_ such that 
(x, x) = 0. Results of Behr, B0gvad, and Aubry and Lemaire (discussed above) 
imply that this is not possible for Lie superalgebras or graded Lie algebras. Our 
proof uses generic Lie color algebras. 

In section 0] we explain how to find the Grobner basis of an ideal generated 
by positive elements of a generic Lie color algebra. We refer the reader to [J] for 
background on Grobner bases, to jH] for a Grobner basis test to determine if an 
ideal of an iterated Ore extension is completely prime, and to [S] for a Grobner 
basis method to calculate projective dimension. 
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2 Generic Lie Color Algebras 



For a Lie color algebra (£, (,)) and a linear subspace V of £_ we let (V, V) 
denote the linear subspace of C + generated by brackets between elements of V. 
If n = dim V then it is easy to see that dim (V, V) < |n (n + 1). 

Definition 2.1 A Lie color algebra (X, (,)) is called generic z/ dimA!^ = 
im(m + l), where m — dimAL < oo, and X + = (X_,X_) is color central, 
that is, (x, y) = for all x 6 and y £ X. 

Remark 2.2 Lei V be a graded subspace of X^. We set C- — V and C+ 
V. V) . Then it is easy to show the sub Lie color algebra C of X is also a generic 
Lie color algebra. 

Lemma 2.3 Let (C, (, )) be a finite dimensional Lie color algebra such that C+ = 
(C-,£~) is color central. Then there is a generic Lie color algebra X with 
dim = dim£_ and a surjective Lie color algebra homomorphism if) : X — > C. 

The proof of Lemma \l. 31 is straightforward. 

Given a G-graded algebra A we write A £ [ti,t 2 , ■ ■ ■ , t n ] to denote the color 
polynomial algebra over A in n homogeneous variables. It is G-graded and 
isomorphic to an iterated Ore extension of A (see |2] for details). 

Theorem 2.4 Suppose X is generic and x\,... ,x m form a homogeneous basis 
of X-. Set gi — dxi and tij = ^ (xi,Xj) for 1 < i < j < n. Then U (X) is 
isomorphic to the iterated Ore extension 

U (X) = S [xx;ai] [x 2 ; a 2 , S 2 ] ■ ■ ■ [x m ; a m , S m ] (1) 

with S — k e [tij : 1 < i < j < m] such that for all a < m and 1 < b < c < m 

1- a a (tb, c ) = e {g a , gb + g c ) h,c, 

2. S a (i 6 , c ) = 0, 

3. a c (x b ) =e(g c ,g b )x b , 

4. and S c (x b ) = -2e (g c , g b ) t biC = (x c , x b ) . 

Theorem 12.41 can be proved in the same way as ^3 Theorem II. 3.1]. In 
fact the definition of generic Lie color algebra was motivated by the treatment 
of generic Clifford algebras in ^3 Chapter 2] . 

3 An Application 

We assume k is algebraically closed throughout this section. 
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Lemma 3.1 Let (£,(,}) be a Lie color algebra such that C + is color central 
and dim£_ = dim£ + = 2. Suppose there does not exist homogeneous x € 
£- such that (x,x) = 0. Then U (£) = fc [02! fg] where q is a nonzero 
scalar, a q (B\) = qd\, and either B\,9i are homogeneous or 9\ + 82, 0\ — 62 are 
homogeneous and q = — 1. 

Proof. In view of Lemma EHfl we may pass to the case that C = X/K where 
K = ker^ is a homogeneous linear subspace of X + with AhwK = 1. 

Step 1. Choose nonzero homogeneous t £ K. There is a homogeneous basis 
{x\, X2} of X- such that either t — Ai (x\, x\) + X 2 (X2, x 2 ) or t = (xi, x 2 ). 
Set g\ = 9xi and 52 = 9x2. 

Let yi , ?/2 form a homogeneous basis of of . Then we may write t as in 
equation |2 for some /j^ , /j, 2 , M3 £ 

£ = Mi + M2 (2/2,2/2) + M3 (2/1, 2/2) (2) 

If /i 3 =0 or /Ltj = /x 2 = then step 1 follows immediately. We pass to the 
case fi 2 7^ and fi 3 ^ by relabeling 7/1 and j/2 if necessary. This implies 
dt = 2dy2 = dyi +dy2, which yields dyi = dy 2 - Set Ai = fi x — (2 _1 ^ 3 ) {^ 2 V l , 
x\ = 2/1, A2 = // 2 , and X2 = 2/2 + M3 (2^2) 1 2/i- straightforward calculation 
shows t = Ai (xi,a;i) + A 2 (x 2 , x 2 ). 

Step 2. Set T = [/ Then T ^ k [t 12 ] [xi; 01] [x 2 ] <? 2 , S 2 ], defined as in 

Theorem EH and U (£) = Tj (t). 

The last statement follows from universal properties of enveloping algebras 
and Ore extensions. 

Step 3. If t = (xi, x 2 ) the lemma holds with q — e (gi, (72)- In this case 9\ and 
62 are homogeneous. 

This is easy since t = 2t\ 2 so U (£) = T j it\ 2 ). 

Step 4. Suppose t = X% (xi,x%) + A2 (x 2 ,x 2 ). The lemma holds with q = — 1. 
If <9xi = 9x2 then #1 and #2 are homogeneous. Otherwise B\ + 9 2 and 
6q — 62 are homogeneous. 

If Ai = for i = 1 or i = 2 then (x, x) =0 with homogeneous x = tp (Xj) G 
£_. Wc assumed this could not happen. Thus Ai ^ and A2 7^ which implies 
dt = 2gi — 2g2 and e(gi,g 2 ) 2 — 1. By replacing xi and X2 by appropriate 
scalar multiples, if necessary, we may assume Ai = 1 and A 2 = — 1. 

Set S = k[u,zi] [z 2 ;a, 8], where cr{z\) = —zi, cr(u) — u, 5 (21) = 2u and 
8 (u) = 0. There is an isomorphism (j> : T — > S determined by <j> (xi) = z\ + z 2 , 
& (x 2 ) — z\ — z 2 , and <p {t\ 2 ) is given by equation [31 

= 5 (1 - £ (£71, 52)) ((^i) 2 - (^ 2 ) 2 ) + (1 + e ( 9l ,g 2 )) (u - z lZ2 ) (3) 
Then (t) = u so C/ (£) S T/ (u). ■ 



4 



Example 3.2 Suppose e is a skew- symmetric bicharacter on G and there exist 
gi-,92 € G- such that 2g\ = 2g2, and £(31,52) = 1 (bicharacters with this 
property are described in 1131 Lemma 2.7]). Let C be the Lie color algebra with 
homogeneous basis {ui, u%, Xi, £2} such that du\ = 2gi = 2g2, du2 = gi + g 2 , 
dxi = gx, 8x2 — g2, md the brackets between basis elements are all zero except 
lor the ones listed below. 

(x 1( xi) = 2ui (x2,x 2 ) = 2u 1 (xi,X 2 )=U2 (x 2 ,Xi)=-U2 

Choose f G k which satisfies £ 2 = — 1, then x\ + C%2 is a torsion element of C. 
However U (C) = k [61] [62] c— 1] by the proof of Lemma \3.1\ 

Remark 3.3 The product of linearly independent elements x\—X2, X1+X2 G £- 
is U2 G £+. At first glance this may appear to violate the PBW theorem (see 
HI Theorem 3.2.2]). It does not since the elements x\ — X2 and x\ +X2 are not 
homogeneous. 

Remark 3.4 In examvle \3.2i C = L 1 for some torsion free Lie superalgebra L 
with appropriate G -grading and 7 a two-cocycle on G (see \13\ Corollary 6.1] 
for notation). There is an algebra isomorphism U (C) = U {L) 1 = U (L). 

Theorem 3.5 Let {C, (,)) be a finite dimensional Lie color algebra. Suppose 
dim£_ < 2 and AivaV < dim (V, V) for each graded subspace V of £-. Then 
U (C) is a domain with global dimension equal to dim£+. 

Proof. We may reduce to the case £ + is color central by | 131 Lemma 6.2] and 
[111 Corollary 6.18]. Let CJ be the smallest sub Lie color algebra which contains 
Then £' + = {£_,£_}, £'_ = and U (C) is a color polynomial algebra 
over U (£'). Thus we may pass to the case C — £'. If dim£'_ = dim£' + = 2 
then we may apply Lemma 13. II Otherwise apply Lemma 12.41 ■ 

4 Grobner Basis Methods 

Throughout this section X denotes a generic Lie color algebra and x\ , X2 , • ■ ■ , x rn 
form a homogeneous basis of X-. We define a chain of generic sub Lie color 
algebras which are used to express U (X) as an iterated Ore extension. Then 
we explain how to find the Grobner basis of an ideal generated by homogeneous 
elements of X + . 

Set I = \m (m — 1) and p — I + m. We specify a homogeneous subset of X 
and define a function <p : {1,2, ... ,p} — > {1,2}. Fix the following notation for 
1 < i < j < m. 

• s(i,j) = + i 

• ts(j,j) = x j 

• 0(s(j,j))=2 
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• If i < j then t s (ij\ = {xi, Xj) and (s = 1. 

For each a = a 2 , ..,a p ) £ f we write t Q = t*H% 2 ■■■tp p G f7 (X ). 
Set ej = ^0, . . . , ^1 , . . . , oj G W for 1 < i < p. Then a homogeneous basis for 

X+ is : 1 < i < p} - {t^) e * : 1 < * < p}. 

Proceeding as in Remark 12.21 we let Xi be the generic sub Lie color algebra 
generated by {x%,X2, ■ ■ ■ ,Xi}. 

Lemma 4.1 Set U\ = k[t\], and for j = 2, ...,m, define Uj recursively by 
equation^ 

U 3 = U J-l [*«(l,3 , );°'a(l,j)] ' ' ' [^(j-XjJ-lJ^O'-V)] \ps{3,j)'i^s{j,j),^s{jd)} ( 4 ) 

1. Then B = {t a : a G W} is a basis for U (X), 

2. U (Xi) = Ui for 1 < i < m, and 

3. there is a B-admissible ordering < on U (X) such that t\ ~< ti ~< ■ ■ ■ -< t p . 

Proof. Part 1 follows from the PBW Theorem. Part 2 can be proved in 
the same way as ^| Theorem 3.1]. Part 3 follows from part 2 and Theorem 
1.10]. The maps a\, 02, . . . , cr p and 63,65, ... ,6 P are determined by the rules 
below. 

(i) o-j (ti) = s (tj,ti) U for 1 < i < j < p 

(") (*i) = for 1 < 3 < TO and 1 < « < S (j, j) 

■ 

We adopt notation and terminology from [Jj. 

Definition 4.2 Choose nonzero u G {/(#). By part 1 of Lemma \4.1\ the ex- 
pression in equation [3| is unique with c a G k for each a G N' p . 

u = J2 c « tQ ( 5 ) 

1. Equation\^is called the standard representation of u. 

2. The Newton diagram of u is M (u) — {a G N p : c a ^ 0}. 

3. The exponent of u is exp (it) = max^ J\f (it) . 
4- The leading coefficient of u is lc(u) — c cxp ( u ). 

In particular, if u G X + then J\f (u) C {0 (i) : 1 < i < p}. 



G 



Definition 4.3 Let 1*1,1x2 £ U (X) be given and set a — (ai, a%, . . . , a p ) — 
exp (ui) and /3 = (P 1 ,(3 2 , ■ ■ ■ i P P ) = ex P ("2)- iei 7 = (7i>72: ■ ■ ■ >7 P ) & e swc/i 
i/tai 7 i = max {a,, for each i — 1, 2, . . . , p. T7ie left .^-polynomial o/iti cmd 
112, denoted (111,112), is shown in equation^ where A = lc(u2) {lc (t Q t 7 ~ a )) 1 
and /* = lc (ui) (Zc (t^-P)) -1 . 

S* (ui, u 2 ) = At 7 - Q ui - Ait 7 -% (6) 

Lemma 4.4 I/if is a homogeneous linear subspace of X + then there is a ho- 
mogeneous basis Q = {u\, U2, ■ ■ ■ , u n } of K such that m -< 112 -< ■ • • -*< itn o^d 
exp (itj) ^ AT (uj) for all i,j with 1 < i < j < n. 

Proof. We prove such a basis £/ exists by induction on n, with the case 
n = 1 being trivial. 

Step 1. If i^' is a homogeneous linear subspace of K with dim if' = n — 1 then 
there is a basis C?' = {iti, 1*2, . . . , u n -i} of if' such that Ui -< 112 ~< • • ■ ~< 
it n _i and exp (it,) £ Af (uj) for all i,j with 1 < i < j ' < « , — 1. 

This follows from the inductive hypothesis. 

Step 2. If if' and G' are as in Step 1 then there exists homogeneous u 6 if \if ' 
such that exp (it) 7^ exp (it„_i). 

Suppose w € K\K' is homogeneous and exp (u) = exp(u„_i). Then 9i? = 
du n -i sou = v—lc (v) (lc (u„_i))~ u n _ 1 S K\K' is homogeneous with exp (tt) -> 
exp(it n _i). 

Step 3. There exist K' and £7' as in Step 1 such that some homogeneous u € 
K\K' satisfies exp (lt„_i) -< exp (it). 

Let if' and G' be as in Step 1. By Step 2 there exists homogeneous w G 
K\K' such that exp (w) 7^ exp(ii n _i). If exp(iw) -< exp(u„_i) set it = tt n _i 
and let if" be the linear subspace spanned by {ui, it2, ■ ■ ■ , it n -2, w}. It is easy 
to see exp (w') -< exp(u„_i) for all w' G if". Choose a basis £/" as in Step 1 
and replace if' with if" and C?' with Q" . 

Step 4. There is a homogeneous basis Q = {iti, U2, • • • , u n } of if such that 
iti -< U2 ~< • • • -< w n and exp(iti) ^ Af (uj) for all i, j with 1 < i < j < n. 

Let if', G' , and it be as in Step 3 and write it as in equation [5] Set = 
N p \ {exp (ui) : i = 1, 2, . . . , n - 1} and set u n = it- X^i 1 c cx P («,) (""i))" 1 "i- 
Clearly exp (u n _i) -< exp (it„) so we only need to show TV (it n ) C A4. Set v = 

u - £T=i Ccx P (t ll ) t ° xp(Ul) and set v i=Ui- lc (iti) t cx P( u *) for i = 1, 2, . . . , n - 1. 
Then Af (v) C M by construction and Af (vi) C for i = 1,2, ...,n — 1 by 
our choice of f/'. Moreover it n = v — E"=i c cxp(tii)' c ( u w i so Af (u n ) C 

AT(v)\J y U ^(ui)^ C X as desired. ■ 
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Theorem 4.5 Let K be a homogeneous linear subspace of X + and let I be the 
ideal generated by K. Then I = U (X) K and U (X/K) = U (X) /I. Moreover 
the basis Q of K described in Lemma \4-4\ ^ s a Grobner basis of I. 

Proof. It is easy to see X + , and hence K, contains only normal elements 
of U (X). The relations I = U (X) K and U (X/K) U (X) /I can be proved 
using the PBW Theorem (see |2| Thoerem 3.2.2]) and the universal property of 
the enveloping algebra. 

To prove Q is a Grobner basis of / we show the remainder is when the left 
division algorithm by Q is applied to S (itj, Uj) (see j7J Theorem 2.1]). Then Q 
satisfies the so-called "Buchberger S-pair criterion," which is Theorem 3.2]. 

For each i, j with 1 < i < j < n it is enough to show that S (Uj, Uj) — viUi + 
v 2 Uj where exp (viUi) =4 exp (S (ttj, Uj)), exp (v2Uj) =4 exp (S (Uj, Uj)) and for 
all a G J\f (vi) there does not exist (3 G N p such that exp (uj) + a = exp (u^ + (3. 
We may pass to the case i = 1 and j = 2 by [7| Proposition 2.11]. 

Since u%,U2 G X+ and u\ -< w 2 there exist pi,P2 G {1>2, ...,f>} with 
Pi < P2 < P such that exp(tti) = <fi(pi)e Pl and exp (1(2) = </>(p 2 )e P2 - Thus 
a = 4>{px)e pi , (3 = (j)(jp2)ep 21 and 7 = a + /3, which implies A = lc(u2) 

and = ic (ui) £ (U2, Ui). Set v\ = e (1/2, u\) (u2 — lc (1*2) tf 2 P2 ^ and «2 = 
e(it 2l ui) (ux -lc(u 1 )4 ( * l) \ Then 

5*(U1,U2) - At^Mi - ^t 7 "' 3 W2 

= Zc (its) V - Zc («i) e {u2, ui) < (pi) w 2 

= (u 2 + Ul) Ml — (e («2, Ul) Ml — V2) U2 
= V\U\ + V2U2 

with exp (vi) -< exp (u 2 ) and exp (u 2 ) -< exp (ui). 

Let a G N (112) be arbitrarily chosen. Then a = 0(p3)e P3 for some p$ G 
{1,2, ... ,p} with P3 < P2 since U2 G If there exists /3 G N p such that 

exp (uj) + a = exp (ui)+ f3 then (p 2 ) e P2 +(f>{p3) e P3 = (pi) e Pl + /3. We must 
have (f>(p3)e P3 = 4>(p\)e Pl and /3 = 4>(p2)e P2 since pi < p 2 - But this implies 
exp (mi) = a G jV(u 2 ), which contradicts our choice of basis. 

It follows from what we just proved that exp(wiui) 7^ exp (i^^)- This 
implies exp (v\U\) ^ exp (S l (u\, 112)) and exp (V2U2) =4 exp (S t (ui, u 2 )) as de- 
sired. ■ 
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